Abstract
Fiber-reinforced composite materials are being increasingly used in many engineering fields due 25 to various desirable characteristics such as high ratio of stiffness and strength to weigh and high 26 corrosion resistance. Thin-walled beams are also used in different structures because of the large 27 axial and bending stiffness to weight ratios. In thin-walled elements made of fiber reinforced 28 laminates materials buckling is the governing failure mode happening before yielding or 29 cracking. For axially loaded columns that are not laterally braced, the buckling resistance is 30 usually governed by their flexural behavior. (Fig. 1 ) 31 32 The shear deformation effects can play an important role in the buckling analysis of members 34 with built-up or composite sections (Kant et al. 1991; Huang et al. 2002) or when materials with 35 relatively low shear modulus are used such as FRP (Bank 1989 ; Silvestre et al. 2003) . In 36 particular, shear deformation can lead to reduction in the buckling load prediction and thus, 37 neglecting its effects may cause overestimation of the buckling load. In displacement-based formulation. However, in that method the inter-element force equilibrium conditions have to be 44 a-priori satisfied which complicates the assemblage procedure. In this study, following Erkmen 45 (2014), a hybrid finite element formulation is developed based on the potential energy 46 functional. By relaxing the strain-displacement equations as auxiliary conditions in the potential 47 energy functional, the hybrid functional is developed. In this approach the shear deformation can 48 be included via equilibrating shear stress without modifying the kinematic assumptions. In 49 addition, there is no need for satisfying the inter-element force equilibrium conditions. This is a 50 desirable advantage of this method over force-based method especially when analyzing the 51 structures with non-collinear elements. It is shown that the developed hybrid finite element 52 method is in a very good agreement with Engesser's formula, rather than Haringx's in capturing 53 the shear deformation effect in the flexural buckling of homogenous columns. In order to extend 54 the applicability of developed hybrid finite element formulation to fiber reinforced laminates, the 55 constitutive relations of these types of materials are developed and incorporated in the hybrid 56 functional. 57
This paper is organized as follows: kinematic assumptions are given in section 2. Constitutive 58 relations for fiber reinforced laminates and stresses and stress resultants relations are presented in 59 sections 3 and 4, respectively. Section 5 introduces the variational formulations for flexural 60 buckling analysis of composite thin-walled members including shear deformation effects and in 61 section 6 the hybrid finite element formulation is developed. In section 7, in order to validate 62 current method, highlight the effects of shear deformation and show the applicability and 63 efficiency of the method in capturing the behavior of special elements such as built-up columns 64 or columns with sandwich cross-sections, some numerical examples are presented and the results 65 are compared with analytical solutions or other numerical solutions available in the literature. 66
Kinematics

67
The coordinate system that is adopted in this paper is orthogonal Cartesian coordinate system 68 (x,y,z) in which the x axis is parallel to the longitudinal axis of the column, the bending of the 69 column due to buckling deformations occur around the y axis and z axis lie on the plane of the 70 cross-section (Fig. 2) . It is assumed that the cross-section will remain plane after deformation. In 71 agreement with the inextensional buckling assumption, the shortening of the column is assumed 72 to be negligible during buckling. Therefore, the longitudinal normal strain induced by the 73 flexural buckling deformations can be given as 74
where z is measured from the weighted centroid (or neutral axis) of the cross-section. It is 75 assumed that buckling induced normal strain is small thus only the first order term is retained 76 while the higher order terms are neglected in Equation (1). On the other hand, the shear strain of 77 D r a f t the cross-section is assumed to be equal to zero. Thus, Euler-Bernoulli beam kinematics is 78 adopted for the analysis. 79
Constitutive relation
80
Consider a laminate composed of n orthotropic layers in which the fibre orientation of each layer 81 with respect to the global coordination is determined by angle φ about the z -axis. (Fig. 2) 
82
Assuming that perfect inter-laminar bond exists between the layers; the stress-strain relationship 83 for the k th layer is given as: 84 
In here, subscripts 1 to 6 are consistent with the convention adopted for laminated composites 85 (Wang 1997 ). In Equation (3) 86 3  26  11  22  66  12  22  66 2 sin cos 2 sin cos 3  16  11  12  66  12  22  66 2 sin cos 2 sin cos
where 87 As one can see in Fig. 2 , the y direction is assumed to be perpendicular to the element thickness 99 so in the web the coordinate system rotates 90 degrees around the x axis. Adopting the 100 assumption of free stress in y direction 0 y σ = , Equation (3) will be reduced to 101
16 66
in which 102 2 12 11 11 22
In addition, it is assumed that ( ) 0 k xy τ = and thus the constitutive relations can be obtained as 103
in which 104 2 16 11 11 66
Stresses and stress resultants relations 
The shear stress 
in which A′ is the cross sectional area of the piece cut from the segment dx . Substituting
The longitudinal stress obtained in Equation (16) On the other hand, the shear stress resultant is given as, 120
From Equation (22), substituting in Equation (21), the shear stress is expressed in terms of shear 121 stress resultant. 122 U is the internal strain energy density and is defined as d
Equations (28) 142 show that 1 β and 2 β are the energy conjugate of the strains x ε and xz γ , respectively. Therefore, 143 they can be replaced with stresses x σ and xz τ in Equation (27), i.e. 144
By substituting Eqs. (25) and (26) and the inverse of constitutive relations for the laminate 145 composite and using Equation (17) in Equation (29), the hybrid functional ΙΙΙ Π can be expressed 146 as 147
By substituting Eqs. (18) and (23) into Equation (30), the final form of hybrid formulation, ΙΙΙ Π , 148 in the bucked state is obtained 149 
Interpolation of the stress resultant and displacement fields for buckling analysis 152
For an element i with a span of L the buckling internal bending moment is assumed as linear, i.e. 153
. The finite element formulation is 154 obtained using two different interpolations for the lateral displacement, i.e. 155
First set of interpolation functions are based on cubic interpolation where the vector N can be 156 written as
are defined. Second set of interpolation functions are based 158 on trigonometric functions and in this case vector N can be written as
Discretized form of the hybrid functional for buckling analysis 162
By substituting Eqs. (32) to (34) into Equation (31), the discretized form of the hybrid functional 163 for buckling analysis can be written as 164
By applying
, one obtains 165
Where 166
and 167
It should be noted that the stationary condition with respect to the stress resultant parameters can 168 be written at the element level given that to the relaxation of inter-element equilibrium the nodal 169 stress resultant parameters are not coupled between the elements. Using Equation (36), the 170 functional in Equation (35) becomes 171 ( )
From the stationary condition with respect to i v , i.e. In order to show the agreement of developed hybrid finite element model with the Engesser 240 solution, the hybrid functional is obtained for two special cases of pure bending and pure shear. 241
From the hybrid functional (Equation (31)) being equal to zero, the Rayleigh factor can be 242 obtained as 243
Considering the fact that the first variation of the hybrid formulation vanishes: 244
One can obtain 245 0 yy yy
In the presence of both bending and shear, the differential equation is (Timoshenko et al. 1961 ) 246 
which is equal to the Euler buckling load. In the case of pure shear, i.e. 
294
The column is modeled efficiently by using four elements for S-S boundary conditions and eight 295 elements for C-F boundary conditions. The values of the buckling loads obtained by the current 296 model for various lay-ups are presented and compared with the results obtained by analytical 297 solutions from the exact stiffness matrix method in paper of Nguyen et al. (2015) in Table 2 . 298 
In addition, the buckling loads obtained by the current method are compared with the loads 300 calculated by the closed-form solution proposed by Kollár (2001) for the flexural-torsional 301 buckling load of composite columns (Equation (41)) in As one can observe, the results obtained from current model is in a very good agreement with the 306 solution suggested by Kollár (2001) . 307
Cantilever column with laminate composite cross-section 308
In this example, an axially loaded cantilever column is studied. The dimensions of the column 309 are showed in E the same results as in Cotinez's paper will be obtained. 328 The effects of shear deformation in short column 330 In this example, the importance of shear deformation effects and the capability of the current 331 hybrid method for catching these effects are discussed. The cross-section dimensions and the 332 boundary conditions of the column are illustrated in Fig. 11 . The flexural buckling happens 333 around the weak axis of the column which is y axis. 334 It should be noted that in short columns the local buckling may occur before the global buckling. 347
In order to avoid that, the cross sectional dimensions and length of the column should be chosen 348 in a way that the local buckling load of web and flanges be more than the global buckling load of 349 the column. This has been done here using the explicit expressions developed by Kollár (2003) 
It is due to the fact that, compared to the long 374 columns, in short columns the Euler buckling load of the core E,c P is very large compared to the 375 shear buckling load S,c P . Therefore, it is not the dominant buckling load for the core. As an 376 example, two columns with different lengths are compared here. As we can see in last row of 377 D r a f t Table 7 , the difference between cr P and cr,Short P for the long column is very considerable and 378 cannot be ignored whereas for the shorter column it is negligible. 379 
Flexural buckling in built-up column 381
In this section, laced built-up column is studied. In the current hybrid finite element method the 382 non-collinear elements can be connected easily. Unlike in the complementary energy based 383 methods, in this method there is no need to satisfy the inter-element equilibrium. Therefore, the 384 assemblage procedure is as simple as in the displacement based methods. is the effective bending rigidity of the built-up column and k=2 is the effective length factor 395 (Kalochairetis et al. 2011) . As one can observe in Table 8 , the predicted buckling load by the 396 current hybrid model is in a very good agreement with the Euler buckling load. 397 It can also be noted that the buckling modes involving buckling of segments of the built-up 399 column can be captured by the formulation as well. For instance, the fifth buckling mode of the 400 D r a f t column can be observed in Fig. 14, which has a buckling load of 801.0 kN. It should be noted  401 that because of the local deformations such a mode cannot be captured with a single element. 
Conclusions
405
The finite element solution developed in this study is able to accurately capture shear 406 deformation effects, a feature that is neglected in classical buckling solutions. The current 407 hybrid formulation has the advantage of incorporating the shear deformation effects by using 408 the strain energy of the equilibrating shear stress field without modifying the basic kinematic 409 assumptions of the beam theory. It was shown that conventional solutions can overestimate 410 the predicted buckling load in some cases, especially when the E/G ratio is relatively high 411 which may be the case in practice for composite columns. It was shown that the developed 412 hybrid finite element method is in a very good agreement with Engesser's formula, rather 413 than Haringx's in capturing the shear deformation effect in the case of homogenous columns. 414
Non-collinear elements can be easily connected using the developed finite element 415 D r a f t
